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ABSTRACT

The instant form and the front form of relativistic dynamics introduced by Dirac
in 1949 can be interpolated by introducing an interpolation angle parameter ¢
spanning between the instant form dynamics (IFD) at 6 = 0 and the front form
dynamics, which is now known as the light-front dynamics (LFD) at § = 7. We
present the Poincaré algebra interpolating between instant and light-front time
quantizations. We show the Boost K3 is dynamical in the region where 0 < § < T
but becomes kinematic in the light-front limit (6 = 7). We show this will then be
extended to Conformal algebra.
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Commutations
The generators of the Poincaré group are
(translation) P = —jof | (1)
(rotation) LA = (x"0” — x"0") | (2)

Then the Poincaré algebra (commutation rules) can be derived as,
1) Commutation among P*,

[PN’ PV] — PHPY _ pYPpH — i2(auau o auap,) =0 ,
[P, P"]=0v . 3)
2) Commutation among P? and L*¥,
[PP,LM] = PPLMY — MV PP = —i2(8” (xH9” = xVO*) — (x*0¥ — x¥9*) 9°)
= (0P xHO” + xHOPOY — OPxV O — xVOPOH — xHOVOP + xVO1OP)
=—? (0P xHO¥ — OPxVOM) = i(g(—id”) — g’ (—io)) ,
[PP LM] =i (g P” — g" PV . (4)
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Poincaré algebra Commutations

Commutations

3) Commutation among L,
[Laﬁ7 Lpo] — |aBpo _ |poaB ,

= i2 ((Xaab’ _ Xﬁaa) (Xpao _ Xaap) _ (Xpaa N Xaap) (Xaaﬁ . xﬁé)o‘))
[Laﬂ’ Lpa] — (gBULap _ gﬂmef + gapLﬂff _ gaULBP>/ .

So, the Poincaré algebra are:

['D#7PD]:O’ (5)
(PP L7] = i(g"™P" — g™ P") (6)
[Laﬂ, Lpo] = —j (gBULap _ ngLcw + gOépLBU _ gadLﬁP)_ (7)
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Light-Front Dynamics

LFD

Dirac’ s Proposition

st Y 1949

()
Can they be linked? The front form

The instant form

According to Dirac “ ... the three-dimensional surface in space-time formed by a

plane wave front advancing with the velocity of light. Such a surface will be called
front for brevity". An example of a light-front is given by the equation
xt=x"+x3=0.
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H + _ xx3 - _ X' H H
The variables x™ = V- and x~ = 75 are called light-front time and
L x2)

longitudinal space variables respectively. Transverse variable x- = (x!, x
We denote the four-vector x* by

xH = (x% x1, x%, x%) = (x0, xt, x3) . (8)
Scalar product
xy=xTy"  +x"yt —xtyt. (9)
The metric tensor is
0o 0 0 1
(Y o
1 0 0 O
0o 0 0 1
Buv = 8 _01 _01 8) . (11)
1 0 0 O
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Light-Front Dynamics Poincare Generators and Algebra

Let us denote the three generators of boosts by K and the three generators of
rotations by J' in equal-time dynamics. Define E! = —K! 4 J?, E? = —K? — J!,
F'= —K'— J2 and F? = —K? 4+ J'. The explicit expressions for the 6
generators K3, E1, E2, J3, F', and F? in the finite dimensional representation are

000 1 0 -10 0
;. Joooo L -1 0 0 1
Ki==ilg 0 0 o] > E==ilo 0o 0 o] (12)
1000 0 1 0
0 0 -1 0 0 0 00
. |o 0 0 o0 . o o 10
EP=—=il_y 0 0o -1 =70 -1 0 of " (13)
0 0 1 0 0 0 0 0
0 —-10 0 0 0 -1 0
177-_1001 277.0000
F==ilo o ool F=71-10 0 1 (14)
0 -1 0 0 0 0 -1 0

Note that K3, E1, E2, and J3 leave xT = 0 invariant and are kinematical
generators while F and F? do not and are dynamical generators.
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Light-Front Dynamics Poincare Generators and Algebra

From the Lagrangian density one may construct the stress tensor T#” and from
the stress tensor one may construct a four-momentum P* and a generalized
angular momentum L*¥,

Pt = /dx_dle TT*, (15)

L* = /dxdeXL[X” THE — X TH). (16)

Note that L*" is antisymmetric and hence has six independent components.
Poincare algebra in terms of P* and L*¥ is

[PN’ PU] =0, (17)
[PH, LP°] = i[g"* P7 — g"? PP], (18)
(L9, 19°) = [[-gheLY” + gho L — gL+ gL, (19)

In light-front dynamics P~ is the Hamiltonian and P* and P’ (i = 1,2) are the
momenta. L= = K3 and L1/ = E' are the boosts. [ = J3 and L=/ = F' are

the rotations.
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(IS PG EEVL N LRSI Method of Interpolation Angle

Interpolation between Instant and Front Forms

2 x* =cosdx® +sindx’
# x°+x?

)

—-X

K. Hornbostel, P —RQFT

C.Ji and S.Rey,PRD53,5815(1996) ~Chiral Anomaly

C.Ji and C. Mitchell, PRD64,085013 (20Q1) — Poincare Algebra
C.Ji and A. SuzuKi, PRD87,065015 (2013) — Scattering Amps
C.Ji, Z. Li and A. Suzuki, PRD91, 065020 (2015) — EM Gauges
Z.Li, M. An and C.Ji, PRD92, 105014 (2015) — Spinors

C.Ji, Z.Li, B.Ma and A.Suzuki, in prepartion — Fermion Prop.
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Method of Interpolation Angle

The interpolating space-time coordinates may be defined as a transformation from
the ordinary space-time coordinates, x* = R¥* x", i.e.

XJ:r cosé 0 0 sind x°
x1 0 1 0 0 x1
2|l 0o o1 o0 P (20)
X sind6 0 0 —cosd x3

in which the interpolation angle is allowed to run from 0 through 45°, 0 < § <

s
7

Interpolation between Instant and Front Forms

x° x" =cosdx’ +sind x’
. x4+ x?

e~

X
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Method of Interpolation Angle

In this interpolating basis, the metric becomes

cC 0 0 S
- 0 -1 0 0
8" =g = o o -1 o |’ (21)

S 0 o0 -C

where S = sin2§ and C = cos 26.
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Interpolation between IFD and LFD [EEIGEREELIEIENIEI

The Poincaré matrix

0 K K K3

, |-kt 0 B —p
MP=1 ke 5 o p (22)

K3 P -0

transforms as well, so that

o 7Ei 0 B 7,:1
MH = A A 23
—_E2 _B 0 _F2 ( )

K} FL F2 0
where
EY = Ssing + K! cos §,
E?2 = K2cosd — J'sin d,
Fi =Kkt sind — J? cos
F2 = K?sin 6 + J' cos . (24)

Hariprashad Ravikumar 13 /24



Interpolation between IFD and LFD [EEIGEREELIEIENIEI

The Poincaré matrix

o Dt

o5 -plt o0
Mﬂf/ = g,mMa’ngf, — _Dé _J3
—K3 Kt

where

K'= —K'sind — J?cosd,
K2 = JLcoss — K2 sin d,

Dl = —K!cosd + J?sind,

D? = —J'sind — K?cosé.

Hariprashad Ravikumar

,Cﬁ

K3
_xi
0
(26)
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Generators of Poincaré group

(translation)  P* = —jof, (27)
(rotation)  L*7 = (x"0” — x"0"). (28)

In the interpolating basis, the metric becomes

C 0 0 S
. 0 -1 0 0
g =gw=1o o _-1 o | (29)

The Poincaré algebra (Contra-variant form) in this interpolating basis is given by

[P, P =0, (30a)
[Pﬁ, Lﬂﬁ] _ ,'(gﬁﬂpl? _ gﬁf/pﬂ) 7 (30b)
(199, 09%] = —i (g771% — #0197 1+ g#0157 — g2715) . (30c)
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Interpolation between IFD and LFD Kinematic and dynamic generators of Poincaré group

A comprehensive table of the 45 commutation relations among the co-variant
is presented below:

components of the Poincare” generators

Py Py Ps K3 pl D? % Kt K2 P

P; 0 0 0 |i(CP-—5P;) iCP; iCPs 0 iSP; iSPs 0
Py 0 0 0 0 iP; 0 —iP; iP: 0 0
P 0 0 0 0 0 iP; iP; 0 iP- 0
K3 | —i(CP-—SPy) | 0 0 0 ispl —ick! | isp?—ick? | o | —iskl—icD! | —isk? —iCD? | —i(SP- +CP;)
D! —iCPy —iP. | 0 | —isp!tick! 0 —ics —iD? —iK3 —isS —iSP;
D? —iCP; 0 | —ipy | —isD? +ick? ics? 0 ip! isJ? —iK3 —iSP;
S 0 Py | —iP; 0 iD? —ipt 0 iK? —ixt 0
Kl —iSP; —iP-| 0 iskt + icpt iK? —iss? —ik? 0 i iCP;
K2 —iSPy 0 | —ip- | isK?+icD? isJ? iK? iK'l —icp 0 iCPs
P 0 0 0 | i(SP+CPy) isP; iSP; 0 —iCP; —iCPy 0

Interpolation angle Kinematic Dynamic

§=0 Kl= 2, K2 = JY, 2, P, P? P} Dl = K, D* = —K? K3, P°
0<6<m/4 K1 K2, 8, P, P2 P, DI D2 K3 P,
§=r/4 Kl=-E"K?=-E% B K,P,P2P. Di=_FLD’=_F2 P,

Chueng-Ryong Ji and Chad Mitchell, Phys. Rev. D 64, 085013 (2001).

Chueng-Ryong Ji, Ziyue Li, and Alfredo Takashi Suzuki, Phys. Rev. D 91,

065020 (2015).
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Interpolation between IFD and LFD Kinematic and dynamic generators of Poincaré group

The following table summarizes the commutation relations (contra-variant form)
between the Poincare generators explicitly in Instant Form Dynamics (IFD) (when
interpolation angle, 6 = 0),

[ Teleleloelwlelsr]r]r]
PO 0 0 0 iPs | Pt | iP? 0 0 0 0
P! 0 0 0 0 iPy 0 | —iP?P| —iPs| © 0
P2 0 0 0 0 0 iPy | iP* 0 | —iPs| O

—K3| —iP3y| 0 0 0 2| i 0 iKY | K2 | Py
KU | —iPY | —iPy | 0 | =2 | 0 | i | —iK?| iK? 0 0
K2 | —iP?2| 0 | —iPy | iJt i3 0 iK? 0 K3 | 0
5 0 iP? | —iP? 0 iK? | —iK! 0 -t —i2 |0
J? 0 iP3 0 —iK' | —iK3 0 iJt 0 iR iPt

-t 0 0 +iP3 | —iK? 0 —iK3 iJ? —i? 0 iP?
P3 0 0 0 | —iP| 0 0 0 | —iPt| —iP?| 0

Hariprashad Ravikumar 17 /24



Interpolation between IFD and LFD Kinematic and dynamic generators of Poincaré group

The following table summarizes the commutation relations (contra-variant form)
between the Poincare generators explicitly in Light-Front Dynamics (LFD) (when

interpolation angle, 6 = 7),

(e lrlrlelelelslnlnlr]

Pt 0 0 0 iP_ 0 0 0 Pl | iP? 0
P! 0 0 0 0 iP_ 0 | —iP?| P, 0

p? 0 0 0 0 0 iP_ | P 0 iPy 0
K3 | —iP_ 0 0 0 —iEY | —iE? 0 iF! iF2 | Py
E! 0 | —iP.| © iEt 0 0 | —iE? | —iK® | —i? | —iP!
E? 0 0 —iP_ | iE? 0 0 iEt i3 | —iK3 | —iP?

B 0 iP? | —iP! 0 iE? | —iE! 0 iF? | —iF! 0

FU | —iP* | —iP. | 0 | —iF' | iK® | —if | —iF?] © 0
F2 | —iP? | 0 | =iPy | —iF?| i | K3 | iF? 0 0 0
P~ 0 0 0 —iPy | P! iP? 0 0 0 0
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Interpolation between IFD and LFD Kinematic and dynamic generators of Poincaré group

Kinematic and dynamic generators for different interpolation angles (Phys. Rev.
D 64, 085013 (2001); Phys. Rev. D 91, 065020 (2015))

Interpolation angle Kinematic Dynamic

§=0 Kl=—2,K2 = J, B, P, P? P3 Dl = K, D* = —K? K3, P°
0<d<m/4 Kt K2, 3, P P2 P DL, D? K3, P
0=m7/4 Kt=—-EYK?2=—E2? B K3 P P2 P_ Dl=-FLD?=-F2 P,

@ Among the ten Poincaré generators, the six generators R
(KK, K2, J3, Py, Py, P-) are always kinematic in the sense that the x™ =0
plane is intact under the transformations generated by them. The operator
K3 = M - is dynamical in the region where 0 < § < 7/4 but becomes
kinematic in the light-front limit (6 = 7/4).

e To understand this, note that [P, Ké] = i(SPT —CP™) = iPT as § — /4.
Similarly we have [x*, L™F] = i(SxT — Cx™) — ix as § — 7 /4. Therefore
the instant defined by x™ = 0 becomes invariant under longitudinal boosts as
we move to the light front.
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Extension to Conformal Group Conformal Transformations

Conformal Transformations

The Conformal transformation x — x’ can be defined by,

OX'* 9x'P
ngaﬁ = F(x)gw (31)
Consider an infinitesimal translation,
XM= xt 4 e(x) . (32)
The metric changes by,
Sg = 2 0 _ g B) 33
B = G+ g = Dueu () + () (33)
Conformality then requires,
‘@Ley(x) + 0y€u(x) = F(x)0,, | Conformal Killing Equation (34)
contraction with *" yields
20", =F(x) d (35)
2
= F(x)= gaﬂe" (36)
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[SUIECLRINEGICIEINECIT I Conformal Algebra

Conformal Transformations

For d > 3, there are ONLY 4 calsses of solutions for €, (x)

(Infinitesimal Translation

) €(x)
(Infinitesimal Rotation) €”(x)
(Infinitesimal Scaling) (x)
) €(x)

(Infinitesimal SCT

w
|

I
NS
X
R
—~ A~~~
w w
O oo
— — ~— ~—

The generators of conformal transformations are:

(translation)
(dilation)
(rotation)
(SCT)

Hariprashad Ravikumar

Pt = —joH |
D = —ix, 0",
LM =i (x*9” — x" o)

R = —i (2x”xl,8” — x28”) .
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Conformal algebra

the full Conformal algebra is given by

[P*,P"] =0,
[.Q/J’_QV] =0,
[D. P = iP",
[D, ﬁ”] = —iR*,

[pp’ L‘“;} — -(gpupu _ gpqu)’

[, L] = i (g8 — g” "),

[foﬂ) Lpo] = —j (gﬁoLap _ ngLao + gapL,Ba
[#, P¥] = 2i ("D — L),

[D, L] = 0.

Hariprashad Ravikumar
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Conclusion & Future Scope

Conclusion & Future Scope

We presented the Poincaré algebra in Interpolation form. We showed the Boost
K3 is dynamical in the region where 0 < § < 7 but becomes kinematic in the
light-front limit (6 = 7).

Then, we formally developed the Conformal algebra and showed that the set of
conformal transformations manifestly forms a group, and it has the Poincaré
group as a subgroup. Our future work is to extend the Interpolation method to
Conformal algebra.
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