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Quarks & Gluons

Hadrons are made of more fundamental particles, named "Quarks".

Matter Atom - Electron Proton

Quarks

Nucleus Neutron

Figure 1: All known atoms are made of electrons and quarks (credit: CMS-CERN)

1980s now

Figure 2: Internal structure of Hadrons [Quarks & Gluons| (credit: BNL)
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QCD (Quantum ChromoDynamics)

As a quantum field theory, the QCD Lagrange density is constructed from 2 types of particle fields:

e Spin-1 Dirac fields (quarks):

> colori=1,2,3= N,
» flavor f =wu,d,s,c,b,t

o Massless spin-1 vector fields (gluons):
> color a =1,2,---,8 = N2 — 1, with SU(3) local color gauge symmetry

Locp (s, Ap) = — 1 WaA]‘i‘wa (iDu[Aly" = mg)iy | . 1)

Here,

> the gluon field strength ‘ Fuv,alAl = 0pAv,a — 0 Apa — gfabe AupAv,c

> the covariant derivative ‘ Du[A] = 8y + igApu,ata

> the generator t, and structure constant f,;. define the SU(3) color algebra: | [ta,ts] = i fabcte

> g is the strong coupling constant.
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Lattice QCD!
Ay = {n, = (n1,n2,n3,n4)|n; € a[0,1,---,L; — 1]}

Sgauge = 72 Z Z (1= Re Tr [Pu(x)]) (2)

rENy p<v
14
I ® ®
o ) Uy(y) _ ezaAy(y) ) /’U;ﬂ(ac—l—f/) \\\\\
o —o g |
/ \ \
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) e
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where the elementary plaquette, | Py () = U, (2)U, (z + p)U} (z + 0)US (z) |

K. G. Wilson, Confinement of Quarks, Phys. Rev. D10 (1974) 2445.
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Lattice QCD

Sgauge = 2221—R6T7°[PW 2222” v ( +(9( )

TEANy p<v cEAy p<v

Physical observables O are evaluated as an expectation value over the relevant degrees of freedom

[ DIUID[|D[p] O e~ [Soauget] drbMu]

O = DU DB Fr s T | )

The quark fields ¢ & 1) are Grassmann variables:

[ DU} O detM?e[Saause] @
J DlU)det M2e~Sgauge]l |

(0) =

This integration results in the “contraction” of fermion—anti-fermion pairs in all possible ways (Wick’s
theorem), replacing them with quark propagators M ™.
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Numerical simulation for Lattice QCD

The vacuum expectation value of an observable in a Monte Carlo simulation approximation: (Sum over U,
with probability oc e~ 5[Un])

[ DU]e=5)

e~ SclU]
(0= 12U S0~ £ S ow]

EXPECTATION VALUE Vs. MC_UPDATES  (Size 20?) (beta = 0.3)
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Flgure 3: Markov chain - Monte Carlo simulations of Zz lattice gauge theory (1 + 1)
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SU(3) Wilson Loops & Quark String Tension

We calculated various sizes of Wilson loops (W (r,t)) and formed Creutz?® ratios x(r,t) to extract quark
string tension o

X(r.t) = —In <<W<r, D)W (r— 1,6 — 1))

2
— | X(t-pl (r)= +a‘c
-plateau) ~~
(W(rt —1)(W(r— Lt))) PP +1)
Xt - plateau fit values for differnet Spatial separation 7 =% | size: (323 x 94) | a=0.11967 fm | No. of cfgs. = 77 |
Extrapolation: Xe-piateau = gy +a%0 = 0220200109 4 (0.0623+0.0012) | | String tension: o = (431.1604+4.2876)2 MeV? |
T T
—— Plateau fit: a%o
05 @ Xt-plateau fit (included for extrapolation) |
KX Xt - piateau fit (excluded for extrapolation)
04
<
fos
:
02
01 h\\-.-\] - I
10
Spatial separation =
2Creutz, M., Phys. Rev. Lett. 45, 313.
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Proton Two Point Function

The proton mass can be determined from the two-point correlation function:
Cap(t,p) = a® Y e P Cap(t,x) =a® Y e” (0] xa(x,)Xs(0,0) 0) ()

where

Xa(x,1) = €7 ug (x, 8)ud, (3, ) [C™ 555 (x, 1) (6)

After integrating out the quark fields in the path integral formulation, this correlator is expressed in terms
of products of the inverse of the Dirac operator

Cap(t,p) = —a® > e P> I [0 5] v [45C

/

x (MG 80 { MG 12 (MG TS — M2 MG })

. N —1 l' - ‘\
rlu' .‘ ﬁiln‘( 4 Ou‘.
U @t =g —Qu}
" @ e - —Oadr

N ’ d \~ ‘l

(x,t) (0,0)
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Proton Two Point Function

On inserting a complete set of states between the interpolating operators®

Cap(t,p) =a3267”"x (0] Xa(x,t)X5(0,0) |0) (7
3 —Eyn(p)t _
=a Z 25 7p) \UlXa Inip.0) (n5p, ol %o 10) (8)
e~ En(p)t
=a*Z(p Zuan—OP, o)ug(n=0,p,0 )2E (p)+”' (9)

o

Tracing this correlator against a given Dirac structure, often chosen to be ' = %(1 + v4), leads to

Cr+(t,p) | =T}, Cap(t,p Ce En(@)t 10
Ba

where C' is a time-independent constant.

3Refer: Boussarie, Renaud, et al. "TMD Handbook." arXiv:2304.03302 [hep-ph].
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Proton Two Point Function
t—o0 —mpt

For p = 0 we find Cr+ (t,0) —— Ce

E(P) = [1091.404526 + 7.920803] MeV P = [0.0000, 0.0000, 0.0000]MeV | X?/Ng.o.r=0.8431|
Proton_3: Cproton, = (0.00000290.0000) e~ (0-631620.0046) a)

—— Exponential Fit
® Mean values from 60 cfgs [each cfg has 64 data]

10-94

10-10 4

T/a
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Proton Two Point Function
Given the discrete time series Cp+ (¢, p) from the Monte Carlo sampling, the proton mass dispersion

relation can be extracted from fits to the time dependence of Cr+ (t, p) 1200 e EnlP)t,

Dispersion relation fit | X*/Ng.o.r=1.0439|

E(P) = VM? + P2 =/[1097.533053 + 4.093615]2 + P2

—— Dispersion relation fit
20001 @ E(P) from the above plots

1800

1600 -
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0 250 500 750 1000 1250 1500 1750
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Figure 5: Proton dispersion relation from lattice size:(323,94) with a = 0.11967 fm
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Introduction: TMDs

The intrinsic motion of quarks and gluons inside the proton or neutron, specifically with respect to

the transverse momentum, can be described in terms of Transverse Momentum Dependent Parton
Distribution Functions (TMDs)

X

(a) The Drell-Yan process. (b) The SIDIS process.

Figure 6: Two examples of processes sensitive to TMD PDFs. We draw the leading contributions, in which a single
electroweak gauge boson (wiggled lines) is exchanged.
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Introduction: TMDs
In the SIDIS cross section
do

ED. PPy o¢ L, WH (11)

— W"(P,q,Py) = (27r WZ (P, 8)| J*(=b) | X(Ph, Sn)) (Xh(Py, Sn)| J* (0) [N (P, S))

- [r] o Y
P Ok ;P.S) P :
nucleon « < TMD PDFs f;(x,kl), o

Figure 7: Simplifed factorized tree level diagram of the hadron tensor in SIDIS. arXiv:0907.2381

nmsu.edu Lattice QCD calculations of TMDs 13 /30



Definition of TMDs

o Consider a frame where the nucleon has large momentum in z-direction, i.e., PT > my, Pt = 0. In

light cone coordinates, the components kt: kr: k™ ~ P*/mx: 1: mx//”Jr , under boosts along the

z-axis.

The starting point for our discussion of TMDs are the correlator of the general form

Gl

unsubtr.

(b,P,S;...)

B s (PSIAO)T UG gb) 1P,5)

[r] .y = . .
ok, PS;..) = /(%)4 W (12)

o The gauge link ¢/[Cy] brings divergences; so we divide it by soft factor S

msu.edu Lattice QCD calculations of TMDs 14 /30



Definition of TMDs

Integrating the correlator over the suppressed momentum component k£~ yields
"z, kr; P,S;...) = [dk " (k, P,S;...)

- d2br [ A(b-P) iw(b-P)—ibr-kr 3 (P,S| @(0)T U[Cy] a(b) |P,S)
@m? ) P e

The above correlator can be decomposed into TMDs.

€ij kl Sj f1J71*:|
)
mn
odd

0 ) (g ki PS, ) = Agy + T

o Nz ke P,S,..) = f1 —

ar ,

(2kik; — k36:5)S

2
2myy

mn odd

q)[iJiJr’YS](a‘:, kr; P, S,.. ) =S, h1+ J hlLT

Ak
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Parametrization of the correlator in position space

R

unsubtr.

(b, P,8,C,0) = 5 (S| @(O)T U0, o, 70 +b,8] ) |P.S) (7)

For the I'-structures at leading twist, the correlator can be written in the form

1 =+ ~ . ~
57 Pnsubr, = Ao +imnei;biS; Arap (18)
L 30ty T , T
557 Lunsubtr. = A Aos +i{(0-P)A —my (br-S1)} Ars (19)
L Fliot+40]

=1imnei;b; Aup — S; Agp — imnAb; Ayop

+mn {(b-P)A — mn(br-St)} bi A1 (20)

2P+ unsubtr.

(Decompositions analogous to work by Metz et al. Phys. Lett. B618 (2005) 90-96. in momentum space)
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Strategy

Figure 8: Light-front coordinates

The separation b of the quark field operators has a transverse component, | b =nb~ + by |. So, this

separation is space-like

=1

unsubtr.

(b, P,S;...)

#b g (PSIAOT UG g) P.5)

CI:‘[F](]{:,P, S;...) = /(27.(.)4 ¢ g(b2§~~') “

We parametrized this correlator in terms of Lorentz-invariant amplitudes

We choose the Lorentz frame in which this nonlocal operator is defined at one single time

The computation of the nonlocal matrix element can be cast in terms of a Euclidean path integral and
performed employing the standard methods of lattice QCD
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Link geometry

The gauge link employed in this work reads

Uie™) = ulo, v, v + b, b, (22)
1
nu+b
O——— = = 17—00
b 72 -------- >
= = v
0 n

Figure 9: Staple-shaped gauge connection. The four-vectors v and P give the direction of the staple and the
momentum, while b defines the separation between the quark operators. (arXiv:1111.4249v2 [hep-lat])

The Lorentz-invariant quantity characterizing the direction of v is the Collins-Soper type parameter

v-P

CEC/QmN = W

The light-like direction v = n can be approached in the limit { — co.
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TMDs in Fourier space and z-integrations (Mellin moments)

f(z,b%;...) ;/koTe"bT"“T fz, k> ..) (24)
F(x, 6% ..) = n! <—mi§vabgf>n fla,b3;..0) (25)

In the limit |br| — 0, one recovers conventional kr-moments of TMDs:

0 = [ (2 K )nﬂx, K )= ) . (26)

kr-moments like f (0)( ) and flJ‘T(l)(x) are ill-defined without further regularization, we therefore do not
attempt to extrapolate to br = 0, but rather state our results at finite |br|.

In our studies so far, we only considered the first z-moments (accessible at b- P = 0), rather
than scanning range of b- P

;) /1 dx f(z, k>;...) . (27)
-1
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TMDs in Fourier space and invariant amplitudes

Ai(0?,b-P, (b-P)R(C?) fm, =1/ (mnC)?,mo-P)

Certain z-integrated TMDs in Fourier space directly correspond to the amplitudes Aip evaluated at
bP=0:

FHO®2E . nu-P) = 2 Aop(—b3,0,0, -1/ (mn)?, no-P)/S(b%;...)
AN @3¢, no-P) = =2 Aap(—b3,0,0, -1/ (mx{)?, no-P) /S (%) ,
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Generalized Sivers shifts from amplitudes

All other renormalization and soft factor related dependences cancel out in the ratio.

o (ky)5vers = (k,)\py is T-odd, it describes a feature of the transverse momentum distribution of

(unpolarized) quarks in a transversely polarized proton.

A"V @3¢, P
AOW3;¢, . m-P)
N {123(—1;%, 0,0, —1/(mN§)2, nv-P)
Asp(=b%,0,0,—1/(mnC()2, nv-P)
vi=o [dz [ d®krk, 0 (z, ke, P, S;. )

(ky)Tu (b7, nu-P) = my

Jdz [d*kr  ®0Y)(z,kr,P,S;...)
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Lattice Setup 4

nucleon nucleon
source sink
fixed position) (fixed momentum)
I I R MR

r3 ’d
1 =l
l Euclidean
7 ‘l:' t tlm;

snk

o Evaluate directly ) (b, P,S,{, ) = L (P,S| q(0)T U[0, v, v + b,b] q(b) |P,S)
o Fuclidean time: Place entire operator at one time slice, i.e., b, nv purely spatial.

e Extrapolate n — oo, ¢ — oo numerically.

4Figure Credits: Dr. Engelhardt (NMSU)
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Numerical Results

(GeV)

(GeV)

Figure 10: Extraction of the generalized Sivers shift on the lattice with mr = 518MeV  (arXiv:1111.4249v2 [hep-lat])

ice QCD calculations of

(a)

0.6

04r

Sivers—Shift, u—d — quarks

‘e,
.
.

£=039, .

Ibz| =0.12 fm, Yeue

m; = 518 MeV
— DY SIDIS —|

-0 -5 0 5 10

nlv| (lattice units)

(c)

0.6

04

L'ﬁ'ﬁ“""‘.

Sivers—Shift, u—d — quarks

.

edu

nlv| (lattice units)

La

=039, .
Ibr| = 0.36 fm, St H{
my = 518 MeV
— DY SIDIS —>|
T -0 -5 0 5 10

(b)

Sivers—Shift, u—d — quarks

6——5-!-?9!%‘...
.

-

£=0239, .
bz] =024 fim,
my = 518 MeV

..
R s

— DY SIDIS —|

—co  —10 -5 0 5 10

nlvl (lattice units)

(d)

Sivers—Shift, u—d — quarks

3%
.{;%‘j—‘ .,
*

£=039, ..

[br| = 047 fm,
Mg =518 MeV

."‘iif

I
i

I
T

— DY SIDIS —|

R 0 5

nlv| (lattice units)

MDs

10

23 /30



Numerical Results

Results: Sivers shift

Dependence of SIDIS limit on |by|

0.00 : . 0.00 : : :
Sivers Shift (SIDIS), Sivers Shift (SIDIS),
S —005F u—d — quarks 1 £ -005¢ u—d — quarks ]
L] (53
9 -0.10F 1 2 -o.10f 1
S S
2 _ -01sf % 12 -ousf ]
T 020} % 1’2 020} §
S 0258 % H 12, -025E } ]
7.2 I 11 % A w2 .
S -030f b F=041, 1 "5 030§ . Z=032, ]
S _pastk i 3 ? me=29TMevV | = _g3sf 5 ® My =317 MeV |
00 02 0.4 06 08 00 02 04 0.6 08
|br| (fm) [br| (fm)

Figure 11: Generalized Sivers shift as a function of the quark separation |br| for the SIDIS case (|nv| = o).
arXiv:2301.06118 [hep-lat]
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Numerical Results

Results: Sivers shift

Dependence of SIDIS limit on é

02 T T 02p T T

i~ 0.1f % total ] < 0.1 % total ]

L3 - L -

S 00/ LI % contrib. A}y 2 00= T o % contrib. Aj; [
= o 1 Z_ -oaf 1
' _oaf |bz| = 0.34 fm E ‘> _oaf [bz| = 0.34 fm E
g ) % my = 297 MeV S ’ my = 317 MeV
S -03f ¢ ] S -03f e & E
IS 1S 03

- E 3 = L |

g 0.4 z 0.4

—05F Sivers Shift (SIDIS), u—d — quarks ] —05F Sivers Shift (SIDIS), u—d — quarks ]
00 02 04 06 08 1.0 12 14 00 02 04 06 08 1.0 12 14
e ¢

Figure 12: we show the é—dependence of the generalized Sivers shift, depicting both the full result and the result
obtained with just Ai2 in the numerator. arXi:2301.06118 [hep-lat]
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Few More Numerical Results

o M. Engelhardt, et al., PoS LATTICE2022, 103 (2023), [arXiv:2301.06118 [hep-lat]|.

e B. Yoon, M. Engelhardt, R. Gupta, T. Bhattacharya, J. R. Green, B. U. Musch, J. W. Negele,
A. V. Pochinsky, A. Schifer and S. N. Syritsyn, Phys. Rev. D 96, no.9, 094508 (2017),
[arXiv:1706.03406 [hep-lat]].

o M. Engelhardt, B. Musch, T. Bhattacharya, J. R. Green, R. Gupta, P. Hagler, S. Krieg, J. Negele,
A. Pochinsky and A. Schéfer, et al., EPJ Web Conf. 112, 01008 (2016)

o M. Engelhardt, B. Musch, T. Bhattacharya, J. R. Green, R. Gupta, P. Haegler, J. Negele,
A. Pochinsky, A. Schafer and S. Syritsyn, et al., PoS QCDEV2015, 018 (2015)

o M. Engelhardt, B. Musch, T. Bhattacharya, R. Gupta, P. Hégler, S. Krieg, J. Negele, A. Pochinsky,
S. Syritsyn and B. Yoon, PoS LATTICE2015, 117 (2016)
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+

My PhD work: Extension to include the dependence on z = ]li—Jr

1 ~ ) -
5 (P51 a(0) v* UlCy] q(b) |P,S) =2P" (Azs +zmweijbiSjAuB) (29)

D (3¢, ... qu-P)

2 2 —
= (ky>TU(bT7x7<7n’U'P) =m ~0)( 2'67”.’771) P) (30)
g L0 PYEED Raa (8, b, (0 PYR(E) i, <1/ om0 o)
¥ [ (- P)ei=P) Ay (02, b-P, (b PYR(C2) fm3y, 1/ (mnC)?, mu-P)

o The range of accessible b - P is limited:

. 2
% = n<1< ) (bt =0 and vr = Pr = 0) (32)

’ N

A ~ m2. .+
where R((?)=1—14/1+(2= BT
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My PhD work: Extension to include the dependence on x =

Extract bj-even component of imaginary part of v correlator

e T T
K
0.00 TI!{ ? b’ er 2.
i 1

x Calr

-0.01} L]
= i

-0.02f 3
-0.03f
_0.04f

" ) ) 0 2 . 6

Figure 13: 5 [% <P,S| q(O) 'y“' U[Cb] q(b) |ID7 S> = 2P+ (AQB +imNeijbiSj 2123)]

SPDFLattice 2019: M. Engelhardt
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My PhD work: Extension to include the dependence on = = 1]%
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Figure 14: Nucleon SIDIS d-quark generalized Sivers shift as a function of momentum fraction z, multiplied by = 67

6" TMD Handbook." arXiv:2304.03302 [hep-ph].
M. Engelhardt, J. R. Green, S. Krieg, S. Meinel, J. Negele, A. Pochinsky et al., to be published
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Conclusions

o [t is feasible to obtain the xz-dependence of TMD ratios: Sivers shift

R

m2
N

o Inspite of constraints % =b-P , it is possible to improve the analysis
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