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Conformal Transformations

A conformal transformation is a smooth, invertible map = — x’ which locally
preserves the angle between any two lines:

ox'? 0z'°
gﬁm(wl)ww = Ax)gu(x), (1.1)

Let us next consider the infinitesimal coordinate transformations (e(x) << 1):

2P = 2P + € (x) + O(2). (1.2)
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Conformal Transformations

For d > 3, there are ONLY 4 calsses of solutions for €,(x) of
), =z, + €u(x) + O().

(Infinitesimal Translation) (z)
(Infinitesimal Rotation) €"(x) = Mt z”

(Infinitesimal Scaling) (x)

(Infinitesimal SCT) (x)

The Finite conformal transformations are:

(translation) —z'* = z* + a*
(rotation) " = MH 2"
(dilatation) —2'* = azt
T — bHa?

T) o= _ L U
(SCT) 2 = T e
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SCT

Inversions are given by

N P (L.7)

x2

The SCTs can be understood as an inversion of z#, followed by a translation
b, and followed again by an inversion.

zH m
I3 ® S5 —b B M2
”’“:L — z”“:z——b“ — :t”/"Lz i = d bl
22 22 (ZH _puy2 1—2b-a+ b2z2
22
ok —br

!
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Conformal algebra

The generators of conformal transformations are: P* = {0* (translation),
MM =q(zhd” — a¥0") (rotation), D = iz, 0" (dilation or scaling), and
8 =i (22t 0" — 220") (SCT).

Therefore, the full Conformal algebra is given by

[Py, Py] = [ﬁmﬁ =
[ ] = [D,ﬁu] = iﬁu%
[ V] = (gpu ngPu) ;
[ﬁmM V) = i (gopf — G fp)
[Mag, Mpo] = =i (9pe Map — 98pMao + gapMps — gaoMpp) ;
[R“, P, ] =—2 (guvD + Muz/) 5 [D7 Muu] =0.
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Boost as Rotations in 4D

The 4D Angular momentum tensor is given by:

0 -K' -K2 —K3
K' 0 B -

Ml“’ = i(xﬂav - xvau) = K2 —J3 0 Jl (31)
K3 J? —Jt 0
[M*F MP7] = —i (¢P7 M — gPP M + g*P MP7 — g7 MPP) (3.2)
There are “™=Y number of planes in n dimension:
Dimension | # of planes

1D 0
2D 1

3D 3 (3.3)
4D 6
5D 10
6D 15
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Manifestly Covariant Conformal Algebra (3 + 1)

We define the following 6 x 6 tensor in the projective-space-time:

0 —D —% _K1 _RK R
V2 V2 V2 V2
D o B P PP
R
= —2 0 D D K
Ja,b - g _ﬁ _’Di 0 J3 —K:i (34)
N h ;
b 3 5
? _)@ -D —JA OA -K
R Py g3 i 5
V2 V2 K K K 0 (6x6)
Then, the simplified conformal algebra SO(4 + 1,1) is:
[Jab7 Jc ] =—1 (gdeac - gchad + gachd - gadec) (35)
where,
0 -10 0 0 0
-1 0 0 0 0 0
986 =10 o 0 10 o (3.6)
0O 0 0 0 -1 0
0 0 0 0 0 -1/gx6

where a,b € {-2,-1,0,3}.
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[somorphism with Dirac matrices

Dirac! has shown the existence of isomorphism between SO(4,2) conformal
group and Dirac matrices. Later, Hepner? has explicitly shown the
isomorphism between the group of Dirac’s four-row ~-matrices and the
continuous conformal group in Euclidean space.

We show
0 s a- “fs)% a- 75)71 a- 75)72 a- “rs)%
e 0 (H%)'vo (H%)'n (H%)'vz (H%)“rs
0 e V2 V2 V2 va
A e —phe 0 Yo Yo0y2 Y073 (3 7)
ab 7_(1_;5)71 7_(“;5)% 1% 0 772 173
7_(1_;‘5)72 7_(1+25)72 2% T2 0 Y273
77(17%5)73 77(14\7;)73 3% QR 372 0

This J;, , obeys the SO(4 + 1, 1) algebra
[Jaba ch] =—1 (gdeac gch d+ gachd - gadec>

!Dirac, P. A. M. Annals Math. 37, 429-442 (1936)
2Hepner, W. A. Nuovo Cim. 26, 351-368 (1962).
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[somorphism with Dirac matrices

The representation of the conformal group in terms of 4 x 4 gamma matrices
are the following;

i

Py =51 +75)7 (3.8)
—i
R = (L= 75)73 (3.9)
K =57170; K? = 5712703 K? = 37370 (3.10)
T =cyys; I = v TP = omes (3.11)
2 2 2
D Z;%- (3.12)
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Manifestly Covariant Conformal Algebra (1 + 1)
We have:

£ £
0 -D -7 -5
D 0 Py P
Jab = f0 Py V2 _j/ig (4.1)
NG 0 K
2y
R _ B K3 0
V2 V2 (4x4)
Then, the 1 4+ 1 conformal algebra in LFD is given by
[Jab7 Jc ] =—1 (gdeac - gchad + gachd - gadec) (42)
where,
0O -1 0 O
-1 0 0 O
0 0 0 -1 ix4
From (4.2), one can write
Jab = i(.%‘aab — :L'baa) (4.4)

where a,b € {-2,-1,0,3}.
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Manifestly Covariant Conformal Algebra (1 + 1)

Let’s say that A% is hyper-4-vector; suppose A® and B® transform under 6d
rotation:

A" =R4 A" B'“ =R%B" (4.5)

Then the inner products A’ - B’ and A - B can be written as
A,B" = (g R R";)A°BY, (4.6)
ApB® = g.4A°B. (4.7)

In order for A’.B’ = A.B to hold for any A and B, the coefficients of A¢B¢
should be the same term by term:

gabRacRbd = Jecd- (4.8)

Let’s start by looking at a hyper-4d rotation transformation, which is (has to
be) infinitesimally close to the identity:

R% = g% +w% (4.9)

where w? is a set of small (real) numbers.

nmsu.edu 11/23



Manifestly Covariant Conformal Algebra (1 + 1)

Inserting this into the defining condition, we get

g°t = R%R" (4.10)
= (9% + W (g" + "),
= g% 4w + Wi + O(W?). (4.11)
Keeping terms to the first order in w, we then obtain
w® = b, (4.12)
Thus, it has 6 independent parameters:
0 w21 20,23
—2,—1 -1,0 ,,—1,3
—w™ e 0 WY wT e
w?® = _wm20 10 0 W03 . (4.13)
_wm23 i3 03 0

(4x4)

This can be conveniently parameterized using 6 anti-symmetric matrices as

W = =iy w(Jea)™ (4.14)

c<cz
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Manifestly Covariant Conformal Algebra (1 + 1)

where
(Jea)® = i(9%9" — °9%)- (4.15)
then
. . a i a
w = —szCd(ch)ab = —szCd(ch) b= —ide(ch) b (4.16)
c<d c>d

where in the last expression, the sum over all values of ¢ and d is implied. The
infinitesimal transformation (hyper-4d rotation) ((4.9)) can then be written a

)
Rab = gab - ide(‘]Cd)ab s (417)

The generator representation (J.q)% can be obtained by

(Jea) = (Jea) g5 (4.18)
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Manifestly Covariant Conformal Algebra (1 + 1)

The representation matrices of conformal generators are defined by taking the
first index to be superscript and the second subscript:

~8, P, _

—= = (Jo24)% ; E

7 (Jo1)% 5 =D =(Joam1)% 5 K° = (J50)%.

(4.19)

where a,b € {—2,-1,0,3} and p € {0, 3}.
Explicitly?,

o o

ﬁozﬁ(.

oo oo
oo = O
o O OO
N~—
»
w
|
<
—
oo
oo
cococo
- =
Il
—
cool
co = o
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cocoo
- - =

(=3

0
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0
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0) (4.20)
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3H. Ravikumar, Chueng Ji. to be published
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Manifestly Covariant Conformal Algebra (1 + 1)

We define the conformal transformations as those transformations preserving
the light cone. This is equivalent to preserving angles, and also equivalent to
preserving ratios of lengths. Let’s consider a hyper-4d vector;

P = Nk (4.21)
- i,
2= \/5( Ty); (4.22)
B, = A1y, (4.23)

Now, let’s consider the hyper-4d dot product,

-2

gabZ'3 = 32T o + 3B + 31T, (4.24)
Tod% = —2F_oF 1 + I'F, (since, #_1 = —2 2 & F_o = —7 1) (4.25)
o - -2
xa.xa = —2%(.%”.1‘“)% + )\2l‘“$u = —)\2.23”.23“ + )\233“37H (426)

(4.27)




Manifestly Covariant Conformal Algebra (1 + 1)

then,
1 &,
- K 4.28
'T[L \/ii'_]_ ( )
T T . h R
ZC2 \/ii'—l i’p‘i'” \/5"% i Qf_gf_l \/ii'_g

Also, | z* = .
Ty
Let’s find the space-time transformation under each conformal generators in

1+ 1.

16 /23




Manifestly Covariant Conformal Algebra (1 + 1)

For Ry:

.’i/_Q .f'_g

Al 40 T_1

| = exp (—ib”Ro) %o (4.30)
Lfé I3

s 1 0 0 0 T_o

Pl 9?2 1 v o] |3

gy | v 0o 1 0 To (431)
T4 0 0 0 1 T3

s T_g

-i/—l _ (bO)Qi'_Q +T_1+ \/§b0i‘0 (4 32)
5)6 2b0.’E,2 + Zo '
7 -
T3 T3
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Manifestly Covariant Conformal Algebra (1 + 1)

On space-time, this transformation gives

—

T

TH= ——== (4.33)
0 V23,
ol Vi (4.34)
V2 (09)2% o 4+ &1 4+ /200 -
o vEEeA .
V2 (00)22=2 41 4 V2502 '
V2 (09)222 + 1 4 /210 (—\/§$0) '
—b922 + z¢
= 4.
(09)222 + 1 — 200z (4.37)
32
o) = — Jo—bo? (4.38)

1— 20020 + (00)222
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Transformation of zy and x3 under conformal

transformation

In the instant form:

!

Generators x) xh
2
’ To — bo.t ’ I3
R — A A
ﬁ{] 0 1-— ngxo + (b0)2I2 3 1- Qboxo + (bo)QIQ
Zo 3 + bgz?
—R =5 Ty=
3 0 1-— 2b3(L’; — (b3)2.”L'2 3 1-— 2b3.’L’3 — (b3)2(112
Py ‘xf):xo—k—ag‘ xé:xg,‘
-Py ‘xf):zo‘ xg:wg—ag‘
D xy = e “xg ‘ xh=e “a3 ‘
K3 ‘16 = (coshn3)xo — (sinhns)zs ‘ 2%y = —(sinh )z + (coshns)xs ‘

19/ 23
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Combining D and K3

Under boosts along the z-axis,

2’1 [ coshp —sinhn| [2°
Lc’?’} - {— sinhn  coshn ] [:c?’ (4.39)
this gives,
2'% = 2% coshn — 23 sinh n (4.40)
2" = —2%sinhn 4 2% coshp (4.41)

then the light-front coordinates under the boost,

ot (2 £a")  ((2"coshn — x3sinhn)) £ (—a sinhn + 23 coshn)))

V2 V2

(4.42)
= (coshn T sinhn)z* (4.43)
2'E = Tip® (4.44)

Thus boost along the 23-axis becomes a scale transformation for the variables
2t & 2/~ and 7 = 0 plane is invariant under the boost along x3-axis.
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Combining D and K3

In IFD (1 + 1), we have:

Table 1: 1+ 1 conformal algebra in IFD

P, Ro D -P; | R | K3
P, 0 2D | iP, 0 2K3 | —iPs
Ro || —2D | 0 | —ify | —2iK3| 0 | —ifiy
D | —ipy | ifo 0 iPy | ifs 0
— Py 0 2K3 | —iPs 0 2D | iPy
Ry || —2K3 | 0 | —ifis | —2iD | 0 | —ife
K3 iPy | ifi 0 —iPy | i 0

inmsu.edu
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Combining D and K?

In LFD,
Table 2: 1 4+ 1 conformal algebra in LFD*
Py Ry D P R D_
R | —2vED, | 0| —Eis | o 0 | o
Dy —\/2iP. g \/§iﬁ+ 0 0 0 0
e 0 0 0 0 2W32iD_ | V2iP_
R 0 0 0 —2V2iD_ 0 V2R
D- 0 0 0 —V2iP_ | V2R 0
where, Py = J%P’a’ Ay = 4%@1 cand Dy = D\[}é{ s

4H. Rav1kumar Chueng Ji. to be published
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Combining D and K3
We find® that SO(2,2) splits into a direct sum of two identical algebras:
S0(2,2) ~ SO(1,2) ® SO(1,2) (4.45)

Lets make two new 3 x 3 anti symmetric tensors, namely J (; and J_,. Where,
a,b € {0,1,2}.

1

K3 ]_ 3
+ _ 1+ _o P, D-K . -_1 _n P, D+K
Jab - 2 (—Der" —EL ﬁl)i )3><3 ’ Jab 2 (7D1737K3 —_?L, 'b[;r )3><3 (4.46)
and with the new metric ggp,
1 0 0 -1
Gab = §<§1 ! g)gxg (4.47)
they fulfill the SO(1,2) commutation relations;
[Japs Joa) = =i (9baTie = Goedaq + GacTpg — GadTse) ; [Ty Jeal =0

These are perfectly consistent with the above table in the LFD limit.

5Daniel Meise’s Relations between 2D and 4D Conformal Quantum Field Theory
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